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Abstract. One of the most fascinating possibilities enabled by metamaterials
is the strong reduction of the electromagnetic scattering from nanostructures.
In dielectric nanoparticles, the formation of a minimal scattering state at
specific wavelengths, is associated with the excitation of photonic anapoles,
which represent a peculiar type of radiationless state and whose existence has
been demonstrated experimentally. In this work, we investigate the formation
of anapole states in generic dielectric structures by applying a Fano-Feshbach
projection scheme, a general technique widely used in the study of quantum
mechanical open systems. By expressing the total scattering from the structure
in terms of an orthogonal set of internal and external modes, defined in the
interior and in the exterior of the dielectric structure, respectively, we show how
anapole states are the result of a complex interaction among the resonances of the
system and the surrounding environment. We apply our approach to a circular
resonator, where we observe the formation of higher-order anapole states, which
are originated by the superposition of several internal resonances of the system.
Submitted to: Nanotechnology
1. Introduction
It is well known that metamaterial structures can sustain states of minimal scattering
under specific combinations of geometrical and materials configurations [1, 2, 3, 4].
Scattering-free nanostructures play a relevant role in a pletoria of applications, ranging
from near-field sensing to energy harvesting and integrated coherent sources [5, 6].
However, the mechanism underlying the strong reduction of the scattered field is
still a subject of debate, in particular when considering all-dielectric nanostructures
[3, 2, 7, 8]. Recently, researchers have experimentally demonstrated that invisibility
states in dielectric nanoparticles, occurring at specific wavelengths, are associated
with the excitation of photonic anapole modes [9]. Anapoles, which manifest as non-
radiating distributions of electromagnetic currents, appear in many different branches
of physics, ranging from condensed matter to cosmology, where they have been
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proposed as a possible candidate to explain the elusive dark matter [10, 11, 12, 13].
In photonic systems, anapole states originate from specific combinations of multipolar
components that cancel each other in the far-field [14, 15]. As a consequence, the
radiation pattern of an anapole mode is composed of purely evanescent waves and it
is entirely confined in the near-field, where it can be exploited to amplify light-matter
interactions [16, 17, 18]. In spherical and cylindrical structures, anapole modes arise
naturally from the multipole decomposition of the electromagnetic fields, allowing for a
convenient determination of the scattering suppression conditions [9, 10]. In a generic
structure, conversely, the definition of internal modes is a challenging task, as generic
dielectric resonators constitute open cavities that do not support a set of standard
orthogonal modes [19, 20, 21, 22]. Nevertheless, non-conventional cavity systems,
such as chaotic resonators or disordered structures, possess unique localization and
energy harvesting properties, which can be exploited to develop novel applications at
the nanoscale [23, 24, 25].
In this work, we take inspiration from the field of open quantum systems to
develop a novel approach to the description of radiation-less states in dielectric
structures [26, 27, 28, 29]. By resorting to a Fano-Feshbach partitioning scheme, we
derive two complete sets of internal and external eigenmodes, whose mutual interaction
is ruled by coupling terms defined on the resonator boundary and which allow to
describe the electromagnetic scattering from the resonator in a rigorous fashion.
With this general approach, which we derived directly from Maxwell’s equations,
we investigate the scattering suppression conditions for the system. Finally, in the
case of a circular cavity, we identify higher-order anapole modes originated from the
mutual competition of several internal resonances of the system and which can not be
explained in terms of fundamental anapole modes.
2. Theoretical Methods
We begin our theoretical analysis by considering a generic dielectric cavity delimited
by a boundary ∂R, whose optical properties are expressed by a dielectric function ε(x).
The definition of the resonator boundary is completely general: it can either represent
the boundary of a complex dielectric object, or a region containing several dielectric
objects (see Fig. 1). The evolution of the electric field E(x, t) follows Maxwell’s wave
equation, which reads:[
∇×∇×+ε(x)
c2
∂2t
]
E(x, t) = 0. (1)
A common way to study Eq. (1) is by introducing a set resonance modes ψ(x) of the
photonic cavity. The latter are defined as the solutions of the Helmholtz eigenproblem
associated to Eq. (1), which reads:
L|ψ〉 = ε(x)Ω
2
c2
|ψ〉, (2)
where we introduced the differential operator L = ∇×∇× and its eigenvalues Ω. In the
following, we employ the bra-ket notation |ψ〉 = ψ(x) to achieve a compact notation.
Whenever a complete set of eigenmodes for Eq. (2) can be obtained, the eigenbasis
|ψ〉 can be employed to expand all the electromagnetic quantities of the system. By
definition, however, a dielectric resonator is an open cavity and, therefore, it is not
possible to define a set of orthogonal eigenmodes [20]. Historically, the definition of a
set of orthogonal cavity modes for an open system has been subject of great theoretical
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Figure 1. System configuration. The choice of the boundary ∂R is not fixed,
and it can chosen as the boundary of a region containing all the dielectric objects
composing the resonator.
efforts, as its implications range from quantum mechanical scattering to particle
physics and quantum optics [19, 21, 22]. We address this problem by employing
a Fano-Feschbach partitioning scheme, which allows to split all the electromagnetic
quantities into ‘resonator’ and ‘environment’ contributions, with the only condition
that all the projection components preserve their Hermiticity properties [27, 30, 28, 31].
Following the mathematical partitioning of the eigenspace from Eq. (2), the system
can be expanded in terms of a set of internal |µ〉 and external |ν〉 eigenmodes, defined
as the solution of the following independent eigenproblems:
∇×∇× |µm〉 = ω
2
m
c2
ε|µm〉,
∇×∇× |νn(ω)〉 = ω
2
c2
ε|νn(ω)〉, (3)
with the following boundary conditions:
n×∇× |µm〉|∂R = 0,
n× |νn〉|∂R = 0, (4)
being n the normal unit vector to the surface ∂R. Due to their definition, the
internal and external eigenmodes are mutually orthogonal, and they form a complete
set of eigenmodes for the resonator and for the environment subspaces, separately.
Therefore, they coincide with the closed-cavity modes of the system, which describe
the system in the absence of any interaction between the resonator and the external
environment. In the realistic case of an open cavity, conversely, the Fano-Feshbach
eigenmodes |µ〉 and |ν〉 are connected by ad hoc coupling terms, rigorously defined
on the resonator boundary, which rule the resonant interaction between the internal
and external eigenspaces. With this position, the evolution of the electromagnetic
field in the interior of the resonator is described by introducing set of internal A(t) =
{a1(t), a2(t) · · · am(t)} and external S = {s1(t), s2(t) · · · sn(t)} modal operators, whose
definition can be found in the Supplementary Information. In terms of the modal
operators, the internal Eint(x, t) and external Eext(x, t) electric fields are expressed
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as:
Eint(x, t) =
∑
m
Am(t)|µm(x)〉, (5)
Eext(x, t) =
∫
dω
∑
n
Sn(t, ω)|νn(x, ω)〉. (6)
After some lengthy but straightforward algebra, the evolution of the modal field
amplitudes is dictated by the following set of dynamical equations:
∂tA(t) = jΩA(t) +
∫
dωG(ω)S(ω, t),
S(ω, t) = S0(ω, t)−
t∫
t0
dτH(ω)A(τ)ejω(t−τ), (7)
where Ω = diag(ω1, ω2 · · ·ωN ) is the resonance frequency matrix and Gmn(ω) and
Hmn(ω) represent coupling terms defined on the boundary of the resonator. Eqs.
(7) form a set of Fano-Feshbach Coupled-Mode equations (FF-CM), which provide a
rigorous description of the dynamical evolution and mutual interaction of the internal
and external modes of the system. In their current form, Eqs. (7) represent a multi-
mode generalization of standard Time-Dependent Coupled-Mode Theory (TD-CM)
equations, which are widely employed in the study of resonant photonic systems
[32, 33, 34, 35]. More specifically, the FF-CM equations describe a set of impressed
external sources S0(ω, t) which are coupled with a set of internal modes Am by means
of two frequency-dependent matrices G(ω) and H(ω). As can be easily verified
by direct substitution, the coupling matrices introduced in Eqs. (7) fulfill all the
symmetry properties of the standard equations from TD-CM (e.g. energy conservation
and time-reversal invariance), as a direct consequence of the Hermiticity requirements
of the Fano-Feshbach projection technique [22]. Differently from standard TD-CM
approaches, which are based on a phenomenological description of the resonant
interaction [36, 37], the coupling matrices and the resonant frequencies of the system
can be directly computed from Maxwell’s Eqs. (1). Such important difference opens
to the realistic study of a large number of complex systems, such as chaotic or irregular
shaped resonators and disordered many-body cavities. Moreover, as discussed in [38],
the Fano-Feshbach approach can be easily extended to include complex light-matter
interaction phenomena occurring in the interior of the resonator, such as stimulated
emission of radiation or nonlinear material responses. Such possibility allows for
a rigorous modeling of mode competition phenomena in non-conventional nanolasers
characterized by strongly coupled multi-mode regimes.
3. Results and Discussion
3.1. Anapole generation condition
In a typical scattering experiment, the dielectric resonator is illuminated by an incident
field Einc(x, t), which constitutes the physical initial condition for the system, such
as, e.g., a plane wave. The interaction with the resonator produces a scattered
field Esca(x, t) = Eext(x, t) − Einc(x, t), which is defined as the total variation of
the external field due to the resonator. In the case of an open dielectric cavity,
the total scattered field Esca(x, t) is the result of two distinct mechanisms: the
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resonant interaction with the cavity modes and the non-resonant reflection at the
cavity boundary. The former is ruled by the dynamical equations (7), which can be
solved in the Fourier domain ω and combined in a single equation for the external
amplitudes S(ω) obtaining:
S(ω) = σA(ω)S0(ω), (8)
where S0(ω) is the Fourier transform of S0(ω, t) and where we introduced the resonant
scattering matrix σA(ω), whose lengthy expression is included in the Supplementary
Information.
The non-resonant reflections occurring at the cavity boundary, conversely, represent a
fundamental property of the external modes and they are determined by the boundary
conditions from Eqs. (4). In order to characterize the non-resonant interaction with
the resonator, it is convenient to decompose the external eigenmodes |ν(x, ω′)〉 into
ingoing |ν+(x, ω′)〉 and outgoing |ν−(x, ω′)〉 contributions as follows:
|νn(ω)〉 = |ν+n (ω)〉+R0n(ω)|ν−n (ω)〉, (9)
with R0n(ω) a “reflection” coefficient, connecting the incoming and outgoing
contributions, which can be determined by applying the boundary conditions from
Eq. (4). In its current form, Eq. (9) allows for a straightforward interpretation, as
it expresses the external modes in terms of an incoming contribution |ν+n 〉 and its
reflection R0n(ω)|ν−n (ω)〉 from the cavity boundary. Furthermore, such decomposition
reflects the intuitive concept that, in order to constitute a complete basis for the total
electromagnetic field in the external space, the environment eigenmodes are always
expressed as a superposition of counter-propagating waves |ν(+)n (ω)〉 and |ν(−)n (ω)〉. As
can be easily verified by applying the ortoghonality of the external eigenmodes to (9),
the reflection coefficient is unitary: (R0)†R0 = 1 and, therefore, it can be rewritten
as a pure phasor term as follows:
R0n(ω) = e
jφ0n(ω), (10)
where φ0n(ω) is commonly denoted as Fano coefficient. In terms of the ingoing and
outgoing contributions, the incident field is expanded as follows:
Einc =
∑
n
λ+n (ω)|ν+n (ω)〉+ λ−n (ω)|ν−n (ω)〉, (11)
where λ+n (ω) and λ
−
n (ω) are expansion coefficients which can be easily determined
by projecting the incident field on the external eigenmodes. The expression for the
total scattered field can be obtained by substituting Eqs. (5), (8) and (11) into the
definition of the scattered field Esca, obtaining:
Esca(x, ω) =
∑
n
σ+n (ω)|ν+n (ω)〉+ σ−n (ω)|ν−n (ω)〉, (12)
where the expressions for the ingoing and outgoing scattering coefficients σ+,−n read:
σ+n (ω) =
∑
n′
σAnn′(ω)S
0
n′(ω)− λ+n (ω),
σ−n (ω) =
∑
n′
R0n(ω)σ
A
nn′(ω)S
0
n′(ω)− λ−n (ω). (13)
As expressed in Eq. (12), the total scattered field is composed of two contributions.
Firstly, a set of ingoing contributions, ruled by the scattering coefficients σ+(ω), which
represent all the contributions that do not propagate away from the resonator space,
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Figure 2. Anapole states . d-g Scattering suppression states in the case of an
isolated resonance ω0 as a function of the reflection phase φ0(ω). The interaction
between the internal resonance and the external reflection R0 = ejφ0 produces
the typical Fano-shaped profiles, ranging from purely lorentzian peaks (e, φ = 0)
to lorentzian dips (g, φ = pi). Due to the interaction with the slowly-varying
background, the internal resonance produces a scattering suppression state for
φ0 6== 0.
such as, e.g., all the evanescent and near-field contributions. Secondly, the outgoing
scattering coefficients σ−(ω), conversely, represent the measurable electromagnetic
scattering from the cavity, which is composed of purely outgoing contributions [39].
The outgoing scattered field, which is the typical outcome of a scattering experiment,
is then defined as:
Eout(x, ω) =
∑
n
σ−m(ω)|ν−n (ω)〉. (14)
The condition for the formation of an anapole state corresponds to the situation
where the amplitude of the outgoing scattering waves tend to a minimum, which
implies a negligible measurable scattering in the dynamics. In the presence of a
large number of interacting resonances, the physical scenario described by Eq. (14)
is rather complicated and, in most cases, the minima of the scattering intensity must
be retrieved by numerical methods. However, it is possible to precisely characterize
the mutual interaction between external and internal modes in the case of isolated
resonances, i.e. by assuming that the frequency spacing internal resonances is
much larger than the damping factors Γ(ω). Under these conditions, the scattering
coefficients σ−n (ω) assume the familiar form:
σ−n (ω) =
∑
m
λ
j(ω − ωm)
(
ejφn(ω) − 1)− Γm (ejφn(ω) + 1)
j(ω − ωm) + Γm(ω) , (15)
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where we assumed that all the internal resonances interact only with one external
eigenmode (see Supplementary Information). Equation (15) describe a scattering
coefficient composed of several Fano-shaped profiles, which represent the characteristic
signature of the interaction among localized resonances and a slowly-varying
background [34, 32]. In Fig. (2)-a we report the scattering intensity in the proximity
of a resonance placed at ω = ωm, as a function of the normalized frequency
ω˜ = (ω − ωm)/Γm and of the Fano coefficient φn(ω). As can be seen from the
figure, the final shape of the scattering spectrum is dictated by the value of the Fano
parameter φn(ω). If the external modes do not produce any reflection on the resonator
boundary, i.e. φn = 0, the scattering efficiency is characterized by a Lorentzian profile
of width Γm and centered at ω = ωm (Fig. 2-b). Under these conditions, it is not
possible to identify a specific scattering suppression condition. On the contrary, when
the interaction between internal and external modes give rise to perfect reflection,
corresponding to φn = pi, the scattering spectrum is characterized by a Lorentzian
dip at ω = ωm (Fig. 2-d). In this configuration, the scattering suppression condition
coincides with the internal resonance frequency. In the intermediate regime, where
0 < φn(ω) < pi, the scattering spectrum is characterized by a Fano-shaped profile
(Fig. 2-c), with a strong scattering suppression condition corresponding to:
ωanapole = ωm − jΓm e
jφn(ω) + 1
ejφn(ω) − 1 . (16)
In the next section we illustrate specific examples where the competition of different
resonances lead to the formation of anapole states composed of different internal and
external modes.
3.2. Fundamental and high-order anapoles in a dielectric disc
We apply the Fano-Feshbach projection developed in the previous section to investigate
the formation of anapole states in circular two-dimensional cavities of radius R and
dielectric function ε(x) = n2. The choice of such geometry is dictated by the
fact that z-invariant cylindrical resonators can be easily fabricated, allowing for a
convenient experimental observation of the anapole states [8]. As an input condition,
we considered an incident plane wave directed along the x direction. In the closed
cavity limit, the external eigenmodes can be obtained by solving Eq. (3) in the external
space, obtaining:
|νm(x, ω)〉 =
√
k
8pi
[
H(1)m (kρ)−R0m(kR)H(2)n (kρ)
]
ejmφ, (17)
where H(1,2) are Hankel functions of the first and second type, respectively, and
R0 = − ∂ρH1(kρ)/∂ρH2(kρ)
∣∣
ρ=R
was obtained by means of Eq. (4). As can be
easily verified, such set of external eigenmodes correspond to the electromagnetic
field produced by a TM-polarized plane wave impinging on a perfect electric
conductor cylinder. In this context, the perfect conductor condition represents the
electromagnetic equivalent of the closed cavity limit, with no radiation entering the
cavity space, and all energy reflected at its boundary. The internal eigenmodes are
obtained by solving the Helmholtz equation (3) in the resonator space, obtaining:
|µml〉 = e
jmθJm(nkmlρ)√
pinRJm+1(xml)
, (18)
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Figure 3. Anapole states in a silicon resonator (n=3.5). a Total scattering
efficiency Qsca(x) and internal resonances (dotted vertical lines) as computed
from the Fano-Feshbach partitioning scheme. The anapole state occurring at
x = 1.595 can be explained as a superposition between the µ21 and µ02 modes.
b-c Partial scattering intensity |σm(x)|2 and Fano coefficient φm(x) for (b) m=0
and (c) m=2. d Electric field distribution of the Anapole state as computed
from Lorentz-Mie theory. e-f Spatial distributions of the µ21 (e) and µ02 (f)
resonances as computed with the Fano-Feshbach formalism. Their superposition
(g) is in excellent agreement with the exact case.
where the internal resonance frequencies xml = kmlR coincide with the l-th zero of
the Bessel function Jm(ρ) . In analogy with the angular momentum formalism, we
introduced an additional discrete index l, which distinguishes the eigenmodes with the
same order m but different number of zeros [40].
As a first example, we considered the scattering from a disc of silicon (n = 3.5)
with radius of R = 150nm (Fig. 3). In Fig. 3-a, we report the Mie-Lorentz total
scattering efficiency Qsca(x) as a function of the size parameter x = kR, being k
the wavenumber of the incident plane wave. The vertical dotted lines correspond
to the internal resonances xml as computed from Eq. (18). Even for such a simple
geometry, it is possible to easily identify an anapole state at x = 1.525 (see Fig.
3-a), whose electric field distribution is reported in Fig. 4-a (cfr. Fig. 3 of [9]
and Fig. 5 of [18]). The Fano-Feschbach partitioning unveils the presence of two
distinct resonances generating the anapole state: a first one, corresponding to the
cavity mode |µ02〉, with m = 0 and l = 2 and a higher order mode with m = 2 and
l = 1 (Fig. 3-e,f). These resonances are coupled to different external channels and,
therefore, they are mutually independent, provided that as the coupling amplitudes
Γmll′ connect only states with the same angular momentum index m
′ = m. However,
both these resonances are individually characterized by Fano-shaped profiles, as it
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Figure 4. Scattering suppression in anapole states Electric field
distribution and scattering suppression in a silicon resonator (a, n=3.5, x=1.595)
and in a high-refractive index resonator (b, n=8, x=0.495).
can be evinced by inspecting their scattering response separately (Fig. 3-b,c). The
m = 0 mode, which is characterized by a large and positive Fano parameter φ0 in the
proximity of the resonance (Fig. 3-b, green line), provides for a quasi-lorentzian dip
(Fig. 3-b, orange line). The m = 2 mode, conversely, presents a small and negative
Fano parameter (Fig. 3-c, green line) yielding an almost symmetric Fano profile (Fig.
3-c, violet line). When these resonances are placed in the proximity of each other,
their superposition produces a strong cancellation of the total scattering efficiency.
As a further confirmation that the anapole state is generated by the superposition
of two distinct resonances, we compare the exact electric field distribution computed
from Lorentz-Mie theory (Fig. 3-d) with the internal modes distribution for the two
resonances (Fig. 3-e,f). Remarkably, their superposition (Fig. 3-g), as computed
from the Fano-Feshbach approach, is in strongly agreement with the exact solution
from Maxwell’s equations. Interestingly, the fundamental anapole state at x = 1.525
is the only scattering reduction state for this geometry, as in a two-dimensional
structure higher-order anapole states are suppressed by the strong scattering from
nearby resonances [8, 41]. As a result, no additional anapole states can be identified
for larger values of x (see Supplementary Figure 1).
By increasing the refractive index of the resonator, it is possible to identify even
more complex scenarios, as reported in Fig. 5, where we considered a dielectric disc
with the same geometry but refractive index n = 8. Such high value for the refractive
index can be easily obtained in experiments by considering, e.g., the refractive index of
water in the microwave spectrum [8]. As it can be observed from the total scattering
efficiency (Fig. 5-a), in the case of a high-index nanoparticle the resonances are much
narrower and closer, producing a complicated Mie scattering profile characterized by
distinct Fano-shaped profiles. As a result, it is possible to identify three anapole states,
occurring at x = 0.49, x = 1.495 and x = 1.896, respectively (Fig. 5-a, gray bars).
Such states are the result of the competition of multiple Fabo-Feshbach resonances:
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Figure 5. Higher order anapole states in a a high-index resonator
(n=8). a Total scattering efficiency Qsca(x). Three invisibility states can
be identified (gray areas), which can be interpreted in terms of different
superpositions of internal modes (inset). b, d As in the silicon case, the
invisibility states are characterized by different superposition of internal and
external channels. While in the first state at x = 0.495 (b) the invisibility is
due to a pure state (m = 0, l = 1), in the higher order invisibility modes the
internal modes are characterized by the superposition of two different internal
modes, with m = 0 and m = 2 and different values of l (c,d).
in the first case (x = 0.49, cfr. Fig. 5-b), the invisibility state is due to the excitation
of a single internal mode µ01, with m = 0, l = 1 mode (yellow dashed line). The
higher order anapole states, conversely, are characterized by the mutual interaction
between states with m = 0 (orange dashed lines), and m = 2 (violet dashed lines)
with different values of l(Fig. 5-c,d). As in the case of the silicon resonator, we
computed the spatial distributions for the internal modes responsible for the anapole
state formation. Their superposition (Fig. 5-a, inset) is in very good agreement with
the results from Lorentz-Mie theory (insets of Fig. 5-b,d). These additional Anapole
states, unvelied by this theoretical Fano-Feshbach description, cannot be represented
in terms of fundamental anapole modes, and they have been experimentally observed
in Germanium nanoparticles [18]. An interesting question is whether it is possible to
express these states in terms of high-order toroidal dipoles [10]. This question, which
is clearly beyond the scope of this paper, is a current topic of investigation [10, 42],
and it will be addressed in a future separate work on the subject.
Fundamental and high-order anapoles in all-dielectric metamaterials 11
4. Conclusions
We investigated the generation of anapole states in generic dielectric nanostructures
by introducing a Fano-Feshbach projection technique, which represents a fundamental
tool for the investigation of resonant phenomena in open systems. Differently from
previous approaches, aiming at the quantization of the electromagnetic field, we
expanded the electric field E(x, t) into two orthogonal sets of internal and external
eigenmodes, which are mutually coupled by ad hoc boundary terms. Additionally, we
addressed the definition of a complete electromagnetic scattering problem, obtaining a
general expression for the scattered field as generated by a known incident field. As an
illustrative example of the Fano-Feshbach partitioning tehcnique, we investigated the
formation of Anapole states in a circular dielectric cavity, which constitutes a geometry
which can be fabricated with standard techniques. Our results show that even such
simple resonator structures support the formation of high-order anapoles, originated
from the superposition of several internal modes, which we completely identify and
characterize by means of the Fano-Feshbach approach.
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